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The Hilbert Expansion to the Boltzmann
Equation for Steady Flow

Can F. Delale'”

Received November 20, 1980

The Hilbert expansion to the Boltzmann equation is carried out for steady flow.
It is shown that the first term in the Hilbert series for the distribution function is
a local Maxwellian leading to the steady Euler equations. The steady field
equations that follow from the solution of the second term in the series are
derived. The formulas for thermal conductivity and for viscosity of Hilbert that
appear in the steady field equations of the second approximation are shown to
be precisely the same as those obtained by Chapman and Enskog. The proce-
dure to obtain higher approximations by Hilbert’s method is summarized.

KEY WORDS: The Hilbert expansion; the Boitzmann equation; the local
Maxwellian; the solvability conditions; the summational invariants.

1. INTRODUCTION

The properties of a binary gas are usually characterized by the well-known
Boltzmann equation. Although the equation was proposed by Boltzmann‘V
more than a century ago, the analytical methods of solution are few owing
to the nonlinear complex structure of the collision integral.

A class of approximate analytical solutions called normal solutions can
be constructed assuming that the distribution function f does not explicitly
depend on the coordinates x and time ¢. The distribution function f can
then be expanded in the form

f=fL(1+<I)(1)+(I)(2)+ ) (11)
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where f; is a local Maxwellian given by

fo= n(il:—f)s/zeXp[— ZL"T—(v—u)z] (1.2)

and n is the number density, u is the gross velocity field, 7" is the
temperature field (measured in energy units), v is the atomic (or molecular)
velocity, and m is the atomic (or molecular) mass of the species constituting
the gas. f; itself does not satisfy the Boltzmann equation unless #, u, and T
are constants (the uniform state of the gas) and the functions &V, &2,
etc. are determined so as to make the distribution function f a solution of
the Boltzmann equation. The hydrodynamic equations for n, u, and T can
then be obtained. The procedure summarized above is due to Chapman®
and Enskog® and the expansion (1.1) is called the Chapman-Enskog
expansion.

Historically, the Chapman-Enskog theory was proceeded by a slightly
different expansion due to Hilbert.®” As will be discussed in detail in
Section 2 of this paper, the Hilbert expansion is constructed by introducing
an auxiliary parameter which may be set equal to unity at the end of the
calculations and by expanding both the distribution function f and the
hydrodynamic variables », u, and T in powers of this parameter.

Hilbert himself succeeded in showing that the first term in the series
for the distribution function f was the local Maxwellian. Thus, the derived
hydrodynamic equation were Euler’s equations of ideal gas flow as will be
discussed in Section 3 of this work. An attempt to obtain the second term
in the Hilbert series for the distribution function f leading to a computation
of the coefficients of thermal conductivity and of viscosity was made by
Lunn.('? In the published abstract of Lunn’s paper, there is strong
evidence to believe that Lunn succeeded in obtaining the general form of
the second term that appears in the Hilbert series and ended in formulas
for thermal conductivity and viscosity. Unfortunately, Lunn’s paper never
appeared in print; thus, the details of his computations are lost. Since then,
to the best of this author’s knowledge, no work has been published in this
direction, probably because of the Chapman-Enskog procedure which
appeared later leading to evaluations of thermal conductivity and viscosity.

The aim of this paper is to carry on the Hilbert expansion to the
Boltzmann equation from the state where it was left. Although the details
of the Hilbert method and questions about the convergence of the Hilbert
series can be found in the works of Grad,(¢” Kogan,!? Cercignani,'® and
McLennan('? | discussions of the second and higher terms in the series are
seldom given.

3 The author learned about Lunn’s work from the referees of this paper.
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In this study, the Hilbert series is carried on beyond the first term. In
doing so, the expansion is restricted to steady flow to avoid the initial value
problem. The steady field equations (the Navier-Stokes equations) that
follow from the second approximation are derived. The coefficients of
thermal conductivity and viscosity of Hilbert are shown to be precisely the
same as those obtained by Chapman and Enskog. The procedure to carry
out the expansion to obtain higher approximations is also discussed.

2. THE HILBERT METHOD OF EXPANSION

Let k be an auxiliary expansion parameter. In the absence of an
external field, the Boltzmann equation can be written as

-g—{+v~Vf= 1911 2.1y
where J [ f] is the collision integral given by
IS = [~ ff ] gdod, 22)
and ‘
=1 fi=fv),  f=1).  fi=f(w)
and

g=1Iv-v|
v, v; and v/, v] are the velocities before and after a binary encounter,
respectively, and do is the differential cross-section.
To construct a normal solution to the Boltzmann equation by the
Hilbert expansion, the distribution function f is expanded in powers of «
about f;, which will be identified as the local Maxwellian:

=0+ kD + k%P + 6™ + .. ) (2.3)

Similarly, the number density », the gross velocity u, and the temperature T
are expanded in powers of k:

n=n + kén + %0’ + 0" + - - - (2.4)
u=u? + xdu + v + ou” + - - - (2.5)

and
T=TO + k8T + 8T + £%6T" + - - - (2.6)

Each term in the above expansions for the hydrodynamic variables n, u,
and T can be related to the terms in the Hilbert series for the distribution
function f [Eq. (2.3)] by substitution from Egs. (2.3), (2.4), (2.5), and (2.6)
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mnto the defining relations

n= f fd* 2.7
nu; =vad3v (2.8)
3nT + Lmnu? =f%m02fd3v (2.9)

and by collecting the terms of equal power in k together. The parameter «
which appears in the above expansions is introduced for collecting terms
together belonging to the same approximation and may be set equal to
unity at the end of the calculations.

Substituting from Eq. (2.3) into Eq. (2.2}, one has

I 1] = I 4] = %, (w16 + 16 + 1,6, 6]
K3[1¢(3) + Js(¢(l)a¢(2)) + Js(q)(z)’q)(l))]

+oee (2.10)
where
n O, (6.9) = [ fu(ed: ~ $¥)gdod’o, 211)
and
nOr = f fui(@+ 6, — ¢ — ¢i)gda do, (2.12)

If Egs. (2.3) and (2.10) are substituted into Eq. (2.1), equal powers of
will yield

J[f]=0 (2.13)
fL 4 vV, = —nOf, Ip™ (2.14)
a .o
(fa(p ) +v V(f ¢(1)) = __n(ﬂ)f [ q§(2) +J (qS“} ¢(1))] (2.15)
a f (i){z)
‘g'ia;“)‘ +v- V(f6P) = —nOf[ 16D + J,(6D, @) +J,(62,61) ]

(2.16)

etc. It follows from Eq. (2.13) that f; is a local Maxwellian. Equations
(2.14), (2.15), and (2.16) then constitute a set of uncoupled inhomogeneous
linear integral equations for ¢V, ¢, and ¢®. From the theory of
inhomogeneous linear integral equations, nontrivial solutions for ¢V, ¢,
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¥, etc. exist only if the solvability conditions

[ Z+v-v)do=0 2.17)
f%(%ww-wﬁw”d3=o (2.18)
[ 5 +vV)fis®d%=0 (2.19)
Il 24y V)fis® d% =0 (2.20)

etc. are satisfied where i, is any of the summational invariants 1, v — u®,
and e =1m(v —u®)>.

To avoid problems of the initial state of the gas, from now on the
discussion is restricted to the case of steady flow. In this case, all of the
partial time derivatives disappear.

3. THE FIRST APPROXIMATION (THE EULER EQUATIONS)

The first term in the Hilbert series for the distribution function satisfies
Eq. (2.13). Thus, f; is a local Maxwellian. By utilizing Eqs. (2.7), (2.8), and
(2.9) which yield

n® = [ fd% 3.1y
nOy0 = fijd % (3-2)
3nOTO 4 Ly OO = f imo’f, d (3:3)
in the first approximation, the local Maxwellian f; can be written as
3/2 2
= p® m _ _n — @
fi=n ( ST ® ) exp[ ST© (v—u'™) ] (34)

The solvability conditions (2.17) for steady flow then yield the steady flow
Euler equations:

= (pu®) = 0 (33)
du® (0)
%%~ _ _ 9P
P ax; 0x; (3-6)
0 ] (0)
u@ TP 2 7o) O 3.7)

7 0x 3 9x,
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where the pressure and mass density in the first approximation are given by
PO = x O (3.8)

and
p® = mn® (3.9)

respectively.

4. THE SECOND APPROXIMATION (THE NAVIER-STOKES
EQUATIONS)

The next approximation in the Hilbert series for the distribution
function satisfies Eq. (2.14). By substitution from Eq. (3.4) into (2.14) and
utilizing Eqs. (3.5), (3.6), and (3.7), one obtains

—nO@p = _1 [_21_m(v u®y’ T(O)](U <0))3T“

M (o — OV — 4@y — L v yon? 0u” 4.1
T(O)(Df ) (g — ) 3 9 (Y —u) ax; (4.1)

The operator I in Eq. (4.1) is a linear integral operator. To simplify the
manipulations, let »; and 7; be functions defined by

[

I, _[ Lm(v —u®) - T<°>](o u®) (42)
2
Iy = m[(v,- — u®)(g; — w®) — 18,(v — u®) ] (4.3)
satisfying the orthogonality conditions
[Yesifud’o=0 (4.4)
f Y7, d% =0 (4.5)

The solution of the linear integral equations (4.2) and (4.3) for »; and
7; satisfying the orthogonality conditions (4.4) and (4.5) can be determined
by expressing them in terms of certain polynomials called Sonine polynomi-
als (for details, one may consult Chapman and Cowling!®). Approximate
solutions of »; and 7; can be obtained by a variational technique (such a
technique is discussed in McLennan(!?),

Once »; and 7, are determined, the solution for ¢‘" can be immedi-
ately written down as

() — _ 1 9T® 1 (1
¢ nOT 0?2 i ax 2O7©® Tij y+“” (4-6)
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where

u®  ou®
D..=l( Yoy @4.7)

72\ ox 9x;

and ¢V is a linear form of the summational invariants given by
Y = C + Ce+ C(v,— u?) (4.8)
The coefficients Cy, C,, and C=(C,,C,,C;) are functions of x, y, and z

only and are related to the hydrodynamic variables through Egs. (2.7),
(2.8), and (2.9), which after some manipulations reduce to

on = f SV d% = nO(C, +3TOC,) (4.9)
7O
nO8y, = f (0= uO) oy d’o = n® (4.10)

%(T“”&n + n(O)ST) =ffL€lP(l) d = n(o)(%T(O)CI + l}T(O)zQ) (4.11)

in the second approximation. In obtaining relations (4.9), (4.10), and (4.11),
the orthogonality conditions (4.4) and (4.5) for »; and 7; together with the

integrals (Al), (A2), and (A6) given in the Appendix are utilized. Solving
from Egs. (4.9), (4.10), and (4.11) for C,, C,, and C_, one obtains

- On _3 8T
Gi= n® 2 7O (412)
i = —#6-)— 8”1‘ (4.13)
8T
C= o (4.14)

To obtain the hydrodynamic equations in this approximation, one only
needs to write down the solvability conditions for steady flow

f % V(f0")do =0 (4.15)

and carry out the manipulations for ¢, = 1, v, — «{?, and 1 m(v, — uf®).
(i) ¥, = 1. In this case, the solvability conditions (4.15) become

2 (o600 d%=0 4.16
ax;

Substitution from Eq. (4.6) into Eq. (4.16) for ¢!V and utilizing the
orthogonality conditions (4.4) and (4.5) for »;, and 7; yield

8_25 [f(v,- ~ u®)f D d% + u,-(o)ffuP“) d%] -0 (4.17)
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Utilizing the integrals (A1) and (A2) given in the Appendix, one obtains

)
N Y il C,.+(n<°>c,+§n<°>T<°>cE)u,.<0> =0 (4.18)
dx; m 2

(i) ¥, = v; — u{®. If , is taken to be v; — u(?, the solvability condi-
tions (4.15) can be written in the form

3 [ (0 ) = ) o+ f (0= )0 ]

dul®

-+
9%,

U(Uf — 4o d’o + u® [ 6 d%] =0 (419)

Substitution from Eq. (4.6) into Eq. (4.19) and utilizing the orthogonality
conditions (4.4) and (4.5) for »; and 7, once more yield

9 — u O — g ONf | — 1 aT® 1
axj{f(vi R 20707 5 dx, ,,(0>T<0)T"Drs

+y 1 d% + uj(o)f(v,- — U fyV d%}

du(®
" [ (0= u™) ey ® @ + u® [ 1w d%] =0 (4.20)
7

If the integrals (Al), (A2), (A3), (A4), and (AS) given in the Appendix
are substituted into Eq. (4.20), one obtains

0
9 [ n (au,@) N auj( ) _% dul® 3,~j)

dx; m\ dx ax; 9x;

) (0y? )
+{(nO T2 ¢ + 2,012 c s + uOn@ L2 ¢
m 2 m <)Y m

3u® (0)
+ ;‘; [H(O) __Tm C + (n(")C1 + %n(")T(O)C()uj(O)] =0 (421)
j

where 7 is the dynamic viscosity defined by Eq. (A5). Equation (A5) can be
put in a more convenient form by utilizing the orthogonality conditions
(4.5) for 7; and setting i = k and j =/ to yield the Hilbert formula for the
dynamic viscosity

_ 1 3
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where the linear integral operator I is given by Eq. (2.12) and 7 1s to be
solved from the linear integral equation (4.3). The Hilbert formula for the
dynamic viscosity given by Eq. (4.22) is precisely the same as that obtained
by Chapman and Enskog.

(i) ¥, = e=im(v—u@)y In this case, the solvability conditions
(4.15) after some manipulations reduce to

58; [IS(U" - ui(o))fL‘i’m d% + “lgg)fff;_gbm d?’v}

du(®
8 it

8x;

+ul® (5~ uO)fp V] =0 (423

By substituting from Eq. (4.6) into Eq. (4.23) and utilizing the integrals
given in the Appendix, it is not hard to show

[{V)] -(0)2 2
'é%f { -}\_aia?’x_. + %nm) ZnT_ C + u}o}( % nOTOC, + 142 nOTOC. )}

H

(O (0
-a-”ﬁ—(z S +n(°’T(°)C,+%n(O)T(O)ZQ)

9x; 37 ax;
au® 9”@ u® Ju® du(®
_ ; i i OO, (O _ 1 .
n( 3% Ox + ox Ox + nOTOCu, T 0 (424)

where the dynamic viscosity 7 is given by Eq. (4.22) and A is the thermal
conductivity defined by Eq. (A8). The thermal conductivity A can be
explicitly related to the law of intermolecular force and other effects by
utilizing the orthogonality conditions (4.4) for », and setting i = j in Eq.
(A8). One then obtains

- i 3
T f FoolIs)d (4.25)

where I is the linear integral operator defined by Eq. (2.12) and », is to be
solved from the linear integral equation (4.2). The Hilbert formula for
thermal conductivity given by Eq. (4.25) is again precisely the same as that
obtained by Chapman and Enskog.

To write down the steady field equations in the second approximation
by the Hilbert method, one only needs to substitute for the coefficients C,,
C,, and C, from Egs. (4.12), (4.13), and (4.14) into Eqgs. (4.18), (4.21), and
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(4.24). The steady field equations which one arrives at are

d
a5, (P70 + 78p) =0 (426)
% (8P)5; + u(o)u(O)Sp + p(o)u(o)ﬁu + p(o)u(O)Su
)
u® au<°> ”, .
© 0@\ [ 0u® @  3u©® gu©®
8 B W2 g 97T + _zn . i J + i i
Ax; 0x; 3 0x; ax; dx; ax; dx;
(0
3 1O ,(® 001 aST AT©® (0) (0)% ouy -
tan ( Ox, 8‘8 +aOT ai+<ST—-——axi 0
(4.28)
where
dp = mén (4.29)
and
8P = nO8T + T%n (4.30)

are the contributions to the mass density and to the pressure from the
second approximation, respectively. The steady field equations (4.26),
(4.27), and (4.28) that follow from the second approximation are linear in
dn, 6T, and Sdu and can be casily solved provided that one knows the
solution from the first approximation. Thus, the solution of a steady gas
flow problem by Hilbert’s method requires first the solution of Euler’s
equations. The effects of viscosity and thermal conductivity can then be
taken into account by solving the above linear steady field equations.
Therefore, the effect of boundary layer or shock layer in the flow should be
considered in the second approximation.

5. HIGHER APPROXIMATIONS (THE BURNETT EQUATIONS, ETC.)

Considering the next approximation [Eq. (2.15)] for steady flow, one
has

Dia_?x—. (f$P) = —nOfi[16? + T (6, 0)] (-1

Substitution from Egs. (3.4) and (4.6) for f, and ¢" into Eq. (5.1) after
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cumbersome manipulations yields

—nOLp®
B 1 2, 8 \3aT® aT® . _ 1 AT® gn®
TR or@ \ 7@ g7@ | 3x,  x, a0 T 3x,  dx,
1 an® 1 ProO 4.0y

T..1).. .
RO T 9y L@p©@? T Ixdx,  pOTO Ty 9x;

ROYO) - P x,  p 0x,

ar; T (0) (0)
1 i j o7 1 9nm
( aT® ~ TO )D on

5 1 379, 1 8e _ 2 3T9\sp
2 p? 3 0)? dx (0 0x
7O 09X T v T k

70 T3x, 4t 0 Tax, T 7o KD
+ (- ) 22 9(8u;)
T\ dx;

[ AT©® 1 (1
+(,,(0)T(0)2 " ox T @ il ¥

1 (e_ 2 (0)) _ g0y 8T
x[ T (e 3 ) (o= ) x;

m (0)
* o ® [(vs — u ") (v, — ul¥) - —8 (v — ) ] }

+n©@ 1 J(s ) BT(O) aT(O)
(O (0)F TSV ax;

1 aT©® i
+ ———J (s; — , (¢
n O s (o0 a) ax, M ((J)T(O)2 ACE

1
4+ —
MO O

1 aT©®
 nOr©@ " 279 )Py - (0) o 1 (v ,-) ox,

IT@ 1
T (72 Dy ox, n(0)2T<0>2J (72 Tia) Dy D

- n(O)lT(O) TV 1) Dy + I (90, 4D) (5.2)
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The solution of the linear integral equation (5.2) for ¢‘» will consist of
terms up to second derivatives in uw(® and T®, up to first derivatives in
n'®, 8u, 8n, and 8T, combinations of them, plus a linear form ‘» of the
summational invariants

PP = Ci+ Cle+ C/ (v, ~ u{®) (5-3)

where C{, C/, and C/ depend only on the coordinates x, y, and z and are
related to the hydrodynamic variables 8#’, dw’, and 87" through relations
2.7), (2.8), and (2.9), which reduce to

on' = f f16@ d% (5.4)
nOy; = f (0 = u®)f, 6P d° — dndu, (5.5)
3(nO8T' + TO8n') = f of, 62 d’ — 18n8T — 1pOBudu,  (5.6)
in this approximation. The solvability conditions for steady flow
f Lt g%c— f19? dPo=0 (5.7)

together with Egs. (5.4), (5.5), and (5.6), will then yield the steady hydrody-
namic equations (the Burnett equations) in this approximation.
Higher approximations can be carried out similarly.

6. SUMMARY AND CONCLUSIONS

The Hilbert expansion to the Boltzmann equation is carried out for
steady flow. As was shown by Hilbert, the first term in the series for the
distribution function is a local Maxwellian; thus, the derived hydrodynamic
equations in the first approximation are Euler’s equations. The second
approximation for the distribution function in the Hilbert series is given by
Eq. (4.6), and the steady field equations that follow from the second
approximation are derived. The coefficients of thermal conductivity and
viscosity of Hilbert that appear in the latter equations are explicitly given
by Egs. (4.25) and (4.22), respectively, and are seen to be precisely the same
as those obtained by Chapman and Enskog. The procedure to obtain
higher approximations is also summarized.

It is clearly seen that the microscopic solution leads to the macroscopic
hydrodynamic equations of the required order (Euler, Navier-Stokes, Bur-
nett, and etc.) with appropriate boundary conditions. The initial value
problem has been excluded from the discussion by restricting the expansion
to steady flow.
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The Hilbert solution of a steady gas flow problem can thus be
obtained by first solving the steady Euler equations of ideal gas flow and
then, the linear steady field equations derived in Section 4 with appropriate
boundary conditions. The effects of viscosity and thermal conductivity in
steady gas flow should be taken into account in the solution of the steady
field equations of the second approximation.

After the paper had been sent for publication, the author learned that
Dr. R. G. Muncaster!'® also treated the Hilbert expansion in detail.
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APPENDIX: TABLE OF INTEGRALS
f Fy D dPo= nOC, + 1nOTOC, (A1)

(A2)

H

f (0, = 1), 40 dPo= n® Iﬂ C
T 5 T
f(”z = 4, — u )V o= ( 0 I 4 R Ce)sij
(A3)
f(v,- — ) (0, = uO)fpo d%o=0 (A4)

(O (0)
f(”i - ui(O))(vj - %'(O))fLTk1d30= n A T (ﬁiijI + 81‘18]'}: -2 ag'akl )(A5)4

15

f e,V do= —n<0>T<°>c + 7 nOTO'C, (A6)
5 (0

f e(v— )y d%= 300 L—¢, (AT)

f e(v; = u{®)fys, dPo= M OTO, (A8)°

f e(t; = uOVf, 7y d’0=0 (A9)

4y is the dynamic viscosity.
5 is the thermal conductivity.



2 Delale

REFERENCES

1

2.
3.

(=

10.
11.
12

13.

. L. Boltzmann, Weitere Studien uber das Warmegleichgewicht unter Gasmolekilen, Wien.

Ber. 66:275 (1872); Wien. Anz. 9:23 (1872).

C. Cercignani, Mathematical Methods in Kinetic Theory (Plenum Press, New York, 1969).

S. Chapman, On the law of distribution of molecular velocities, and on the theory of

viscosity and thermal conduction in a non-uniform simple monatomic gas, Philos. Trans.

R. Soc. A 216:279 (1916).

. 8. Chapman and T. G. Cowling, The Mathematical Theory of Non-Uniform Gases
(Cambridge University Press, Cambridge, 1970).

. D. Enskog, Kinetische Theorie der Vorginge in massig verdunnten Gasen, dissertation,
Uppsala (1917). )

. H. Grad, Asymptotic theory of the Boltzmann equation II, in Proceedings of the Third
International Conference on Rarefied Gases, Paris (1962).

. H. Grad, Asymptotic theory of the Boltzmann equation, Phys. Fluids 6:147 (1963).

. D. Hilbert, Begrundung der kinetischen Gastheorie, Math. Annalen 72:567 (1912).

. D. Hilbert, Grundzuge einer Allgemeinen Theorie der Linearen Integralgleichungen (Chelsea

Publishing Company, New York, 1953).

M. N. Kogan, Rarefied Gas Dynamics (Plenum Press, New York, 1969).

A. C. Lunn, Bull. Am. Math. Soc. 19:455 (1913).

J. A. McLennan, Nonequilibrium statistical mechanics, Lehigh University Lecture Notes

(1977).

C. Truesdell and R. G. Muncaster, Fundamentals of Maxwell’s Kinetic Theory of a Simple

Monatomic Gas (treated as a branch of Rational Mechanics) (Academic Press, New York,

1980).



